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MATHEMATICS
(INSTITUTE OF MATHEMATICAL SCIENCES) Paper—I
Time Allowed : Three Hours Maximum Marks : 300
INSTRUCTIONS

Each question is printed both in Hindt and in Epglish.
Answers must be written in the medium specified in the
Admission Certificate issued to you, which~puist be stated
clearly on the cover of the answer-bogk”in the space
provided for the purpose. No marks willbe given for the
answers written in a medium othep<than that specified in
the Admission Certificate.

Candidates should attempt Question Nes. 1 and 5, which
are compulsory, and any three of the remaining questions
selecting at least one quéstion from each Section.

The number of marks carried by each question is indicated
at the end of the quéstion.

Assume suitable @ata if considered necessary and indicate
the same clegrly

Symbols/notations carry their usual meanings, unless
othernwisé widicated.

Important Note : Whenever a question is being attempted,
all its;parts/sub-parts must be attempted contiguously. This
means that before moving on to the next question to be
attempted, candidates must finish attempting all parts/
sub-parts of the previous question attempted. This (s to be
strictly followed.

Pages left blank in the answer-book are to be clearly struck
out in ink. Any answers that follow pages left blank may not
be given credit.
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1. (a)

(b)

(c)

(d)

flx y= x? +y

Section—A

Define a function f of two real variables
in the xy-plane by

1 1
x?cos= +y’cos =

X

fi 0
3 or x, y#

0, otherwise

Check the continuity and differenqtja-
bility of f at (0, 0).

Let p and g be positive real) numbers

such that l+1 =1. Show)that for real

p 4q
numbers aq =0

P q
absem+-l3-—

p g

Prove _ar disprove the following
statement

If B-={b, by, b, by, bs} is a basis
for R° and V is a two-dimensional

subspace of R®, then V has a basis
made of just two members of B.

Let T:R® 5R® be the linear trans-
formation defined by

T, Byl = +26 -3y, 200 +58 -4y, o +4B+7Y)

Find a basis and the dimension of the
image of T and the kernel of T
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TUE—a

1. (%) xy-99dd § &1 IRaiash 90 & B fH

1 1
x> cos= + y3 cos—

Y X
B 5 5 x,y;ﬁ()%g
f(xp y}_ X +y

0, ¥=w

g gt @fi) (0, 0) W f % w3
spEFoHtTal $i sire difsr 12

(@) "R &R p iR g T yaors arafaE TEd
28 Lol cuise f5 oo demsit

P qgq
a,bzoaﬁﬁﬂab5£+ﬁ%l 12
P q
(m) fratafiga sw @Rg HiST sy sg @us
#Hifsm 12

afe R® % fIT B = {by, by, by, by, b} T
MR B 3RV uw fg-fadra 3gmmfe @ RO 4,
F NV FH TH IJUN B S B F Fad < geEd o
a1 g3t g
() mm &fse 7:R® S5 R® = Was suram 2,
£l
T, B, v) = +2P -3y, 20 +5p -4y, a +4p +7)

gm qftfeya &1 T & afy ik T & wfafaam =1
T INuR 3R famr 319 $ifsm) 12
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fe} Prove that two of the straight lines
represented by the equation

x? +bx2y+c)cy2 +y3 =0
will be at right angles, if b+c = -2,

2. fa} (i) Let V be the vector space of all
2x2 matrices over the field of
real numbers. Let W be the set
consisting of all matrices with zeré
determinant. Is Wa subspace of V7
Justify your answer.

(ii} Find the dimension and & Basis for
the space W of all (gelutions of
the following homegereous system
using matrix notation :

Xp +2x5 53X3 ~2x4 +4x5 =0
2x) +4Xx+8x3 + x4 +9%x5 =0
3x; +6x3/+13x5 +4x, +14xg =0

fb) () Consider the linear mapping
fR? 5 R? by

flx, yh=Bx+4y, 2x-5y)

Find the matrix A relative to the
basis ({1, 0}, 0, 1)} and the matrix B
relative to the basis {{1, 2}, (2, 3)}.

i) f A is a characteristic root of
a non-singular matrix A, then

|4

prove that 5N is a characteristic

root of Adj A.
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(5) fig Hifem s geftepm
x> er:rc2y+c:x3;¢2 +y3 =0
g0 Frefid e et § @ S guswon w e,
IR b+c=-28 12

2. (®) (i) w7 ffqu v ardafas deme F 87 W
fl 2x2 Wl B Elew wAlE ® 4E
wfm w v wnie ot @f g
e T 21w W T IqeEty EA i
AW IW F 9y ¥ q Hfwg) 8

(i) fr=ferfiga aoama fw@E-~8raft gl &
aufy W % fou smegg ddad &1 3en
FLd gg fom ok whamum 3 i 12

xX] +286F3x3 —2x, +4x5 =0
2x\a@x; +8x3 + x4 +9x5 =0

x4 6x, +13x4 +4x, +14x; =0

@) JF(x v =Bx+4y, 2x-5y) FU UEw
wfafemar f:R? 5 R? W f=m Hifs
amar ({1, 0), (0, 1)} ¥ w=fia s A
AR amm (1, 2), (2, 3} ¥ wEAE
HE B 9 i) 12

(i) I ) HeFwim FA=E A | T
mwm@a,amm&%

T IATenaiTE O ® Adj A F 8
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{c/) Let

1 i 2+
H=| -i 2 1-i
2-1 1+¢ 2

be a Hermitian matrix. Find a non-
singular matrix P such that D=P  HP

is diagonal. 20

3. fa) Find the points of local extrema (and
saddle points of the function f-of" two
variables defined by

i g =x" +y° —63(x vy ¥ 12xy 20

(b} Define a sequence,.§p) of real numbers
by

n : 2

Z (leg(n + i) —log n)
Sn = n+i

=l

Does, lim s, exist? If so, compute the
n e

valie of this limit and justify your
Arswer. 20

fe) Find all the real values of p and gq
so that the integral _[éx-”(log 7 dx

COTVerges. 20

4. {a} Compute the volume of the solid
enclosed between the surfaces

x?+y? =9 and x® +2%2 =0 20
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(m) = e

H=

1 i 2+t
- 2 1-i
2-1 1+i 2

wh 2 ege R Uw U9 SfoRnuia IdsgE P
H 7d Ffse i D = PT H P Taaoff 711 20

3. (F) fix y}=x3+y3—63(x+y}+12xy i
qiafiE 2 90 % Bem fF s A EE &
fargatt 3 veam fagatt &1 Jm@ A 20

@) s, - i (log(n + 1) —-log h) 2 - S
i-1 na
aemal F g s, @ ufowrw el @

lim s, FooTEr 27 7% @ 3, @ g6 @

n —3oe

o F A Fifou 3l a9d 3 & 9 |
e FIfT 20

(M) p 3t g & =it awdfas o= F= @ Fif,
mﬁiwﬂ)x-"(logl}(]q dx sfmEm #:X) 20

4. (F) g x?+y? =9 MW x*+27=9 & A=
uftag 2 & I &1 qfimem FIfT) 20
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{b) A variable plane is parallel to the plane
.‘E + 2 + E = 0
a b c¢
and meets the axes in A, B, C
respectively. Prove that the circle ABC
lies on the cone

yz(9+g]+zx(£+EJ+xy(E+EJ:O 20
c b a ¢ b a

(¢) Show that the locus of a point-frbm
which the three mutually perperidicular
tangent lines can be drawiy'to the
paraboloid x? +y? +2z=0_is

x2 +y2 +4zx1 20
Section—B
5. {a) Solve
dy 2xy e(x/y)2
dx 204 oIX1UP) 4 oy 2oln/ o 12
(b) Find the orthogonal trajectories of the
family of curves x? +y? = ax. 12
{¢) Using Laplace transforms, solve the
initial value problem
y +2y +y=e, yl0) = -1, y'0) =1 12
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(@)

(m

(%)

()

(m)

Ueh A "HHdT 39 HHd

£+E+E—O

a b c¢
% WA g 3 HAT: A, B, C® 18 9 e
21 fag fifse % 79 ABC, ¥%

[b c] (c a} (a b)_

yz| —+— | +zx|—+—|+xy —+—|=0

c b a c b a

w fom 21 20
aifgy ff w W@ fag, W&l @ wapEd
x? +y? +22=0 aF d9 WER o wRAET
it 51 wwdl §, w1 faguy x? + G4z =1

2l 20

ars—da

EEEAELE 12
dy 2xye("5/y)2
X 20 4 et 197) o x2elxr oY

TH-FA x? +y° = ax F TSRO UL B
1 i) 12

TE E UG H1 FEATE #id gU YRR e
I

Y +2y +y=e’, yl0) =-1, y' 0 =1

F A HIfe) 12
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(d} A particle moves with an acceleration

L )c+a4
x3

towards the origin. If it starts from rest
at a distance a from the origin, find its
velocity when its distance from the

- |
origin is >

fe} If

g . - —3
A=x%yzi -2x2° j Laz%k

§:22?+y7~x2;c’

find the value of aa

6. (a)] Showlthat the differential equation

2

xdy

(A xB)at (1, 0, -2).

2xylog y) dx+(x2 +y2\)y2 +1)dy =0

1s not exact. Find an integrating factor
and hence, the solution of the equation.

(b} Find the

general

solution

equation y” -y” =12x? +6x.

of

the

{c) Solve the ordinary differential equation

x(x-Wy" -@Rx -y +2y = x2(2x - 3)
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(9) TH FI

a?
n x+x—3J

F g 3gm A o vfa w2 oafe =R
e A T AP a A FE R, A TEA

gﬁiﬁmm%aﬁmaﬁml 12
(5) =fe
Z = xzyz?—2x237+m2z
§=22?+y})—x2¥
az - —

@ (1,0, -2) W 3 (AXBY &1 79 T

x Yy
EEu 12

6. (%) eafzu fr smasd T

2 xylogd) dx+(x2 +y2\/y2 +1)dy =0
TUREY @ 21 WHRCH UE FId hifse 3T
AT A B Tid R 20

(@) il y” -y =12x% +6x W AUE T
wra it 20

() QYW Hhe FHEH

x{x-Ny” -2x -y +2y = x2(2x -3)
Fl & Y 20
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7.

(a)

(b)

(c)

(a)

A heavy ring of mass m, slides on a
smooth vertical rod and is attached to a
light string which passes over a small
pulley distant a from the rod and has a
mass M (> m) fastened to its other end.
Show that if the ring be dropped from a
point in the rod in the same horizontal
plane as the pulley, it will descend a

. 2 Mma .
distance ———"_ before coming to rest.
M? -m?

A heavy hemispherical shell of radiis”a
has a particle attached to a poingon the
rim, and rests with the curved)surface
in contact with a rough“3phere of
radius b at the highest point. Prove that
it 2505-1, the equilibrium is stable,
a
whatever be the weight of the particle.

The end links(ef a uniform chain slide
along a fixed tough horizontal rod. Prove
that the,ratio of the maximum span to
the length of the chain is

1+41+p2
Tt

plog

where U is the coefficient of friction.

Derive the Frenet-Serret formulae.
Define the curvature and torsion for a
space curve. Compute them for the

space curve

3

x=t y=t>, z=2¢

Wik

Show that the curvature and torsion are
equal for this curve.
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7. (%) zEWE m @ oF 9 oM, ud fame Fahn
Fg W WU F@1 § 3N T® ww Vel gl 20 A
JEEAM A BTA QW a w0 B B w @
ot 3 o fmd g it w o weEn
M (> m) g1 ga1 2| Twige T afk oo = 93
T vr W fog @ i fom s <t Bt & afw
Toad # F, q fareetn 9% wge 8 @ a8

a@T gh ;szaz % = IaT e 20
—-m

(@) e o F & it el @ 3 i anes
fag w & Fo 37 gan B oft W' @i Frsa b
& UF G Mew g IAan g o gerd A
AR Th g8 W RH gan ¥ gt af

9>J§—1ﬁ,a‘rwmmﬁ%a’t%ﬁﬁ,
a
wreTEeT ©re € 2 20

(M) & TFEEE gEd () F WD wfeEl w
s Gl A g F dr-ur wadt §1 fog
Hifor fo\rfemram gl =1 =7 & o m

} 2
gl ulog{%J #, STEl =T T
21 20

8. (%) We-Hz wifel Fraa FHifsw) s a3 & fog
aeha 3t famea Y it &fSu) s =5

x=t y=t2, z=~§~t3

% foru 3ae1 aftwe S gwize &% 59 a% &
foTu ashar afi fameg auat §) 20
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(b] Verify Green’s theorem in the plane for
folocy +y?) dx+ xPdy]

where Cis the closed curve of the region
bounded by y=x and y = x2. 20

(c) IfF= y? +(x—2xz)}? —xyi_é, evaluate

s R
j j (VxF)-nds
5
where S is the surface of the sphére

x? +y2 +2z2% =a? above the xy-plane. 20
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(@) §c[(xy+y2)dx+x2dy]%?ﬁ-m\wﬁtﬁq%%
T 1 EeTd AT, JE CHgd TH B, y = x
3y = x? 0 IiEg w=w 20
(m Wﬁﬁ=y?+[x—2xz]}—xy;c*,ﬂ"f

”ﬁxﬁ]-ﬁ’cﬁ

S
# AR fife,  §'® s mos
x? +y? +2° =a® F xy-IAA § TR FGH
7 20
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fora
T -T3—I1
qg - i e quie - 300
<5 A
s g fedt ail st @ F swr 24

¥ & IW I wrem ¥ for@ SR wifen, e aga smua yaur-ug
g e a1 2, 3R s@ AT F1 WP IPW @R-§EE F JE-98 W
sfea [ffe wm @ fF 5@ @) yeeeg v 3fghaa meam &
sifafer a1 Tt qrem 7 for@ 7 30T #1231 T i

¥ TE 1 3R 5 Jfar 81 @kl 9 0 @ 9% @UE § HH-0-50
TS T AR [T A1 T 3T S

TSF JH % fo70 99 3 5 & a7 fru 7w g

afe sravas g, PCIE AiFgl F T FGw qur 3R il
Fiforg 1

et /g gl 9t ¥ yg 8, srer Qe #

sy A3y . mamEF 2 e N a T FT IR R &, aa
I & aft wpi/39-wrif & I ay-arw d rmw s wW R
A gv & I ket & forg ot @t @ @@ fied v & @t
9T /39-9PT & IOT @HIN § S0 59 S19 & FE 9 AT F)
IW-gaiw 7 @ret 918 gu 98 & =g § WP w9 § e Ay gt
PR §U 951 ¥ are ford gu I F 3% 7 Rw Y, e § wFar 31

Note : English version of the Instructions is printed
on the front cover of this question paper.
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