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Question Paper Specific Instructions

gl s

Please read each of the following instructions car_éﬁzlly before

 attempting questwns

There are EIGHT  questions divided: in TWO SECTIONS and QU
" printed both in HINDI and in ENGLISH ’

Candidate has to attempt FIVE questions in all.

SULHHEER IR

Questions no. 1 and 5 are compulsory and out of the remaining, -
THREE are to be attempted choosing at least ONE from -each

section. Y : ' '

-

The number of marks carned by a questzon/ part is mdzcated
against it.

Answers must be written in the medium authorized in the

Admission Certificate which must be stated clearly on the cover of . =
this Question-cum-Answer (QCA) Booklet in the space provided. No
marks will be given for answers written in @ medium other than the =
authorized one. _ '
Assume suitable dota, if considered necessary, and indicate the

same clearly.

TR

Unless and otherwise indicated, symbols and notations carry-their
usual standard meaning.

Attempis of questzons shall be counted in sequential order. Unless
struck off, attempt of @ question shall be counted-even if attempted
partly. Any page or portion of the page left blank in the
Question-cum-Answer Booklet must be clearly struck off.
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@uE A
SECTION A

L.

Q1. wft et 3 I A : | | .
Answer all the questions : : 10x5=50

(a)

——y -

(b}

Tﬂ??ﬁﬁﬂ{ K@%ﬁ%ﬁ?ﬂ K[X], KW us et =X X ¥

SRUEl 9 2 | T wgg fe KIX] % fn am s ),
f gr1 wifd K [X] # 1orsiaett ot Fifde s 8 1 qunise fe (),
KiX] § @ sfers et @ AR i ee AR L KW
st |

Let K be a field and K[X] be the ring of polynomials
over K in a single variable X. For a polynomlal
feK {X}, let (f) denote the ideal in ]K[X] generated by
f. Show that (f) is a maximal ideal in K[X] if and only

if £is an irreducible polynomlal over K. : _‘ 10

fix)=x2sin 1,0 <x <
X

g QT M wem £ (0, ») > R % fou sufze f5
FAghT R HH SR 5> RE S £ ol faar st 2 |

- For the fu.nctiOn f: (0, oo)—> R g1ven by

fix) = xzsm1 0<xX<oo,
X

show that there is a differentiable functiong: R - R

S thatextendsf I S 10
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} 1 , V1 LRI x = q/xn_l Vo1, N1=2,3,4,..

( ]’, rij—'2, 3,4, ...
yn 1 ‘

forg Fifre 5 |

Xp_1<ZXp <jfn<yn_i,' n=2,3,4,...
| Hmﬁmﬁﬁq%aﬁm@‘ésﬂm (hmlt)lm
aﬁﬁﬁﬁ‘aﬁ‘% TTIET—<Z<1%I

Two sequences {x,} and {yn} are defined 1nduct1vely by
- the followmg

-X1 = 1, Y =1 and x, = '\/Xn_]_ Vo1, D=2,3,4, ..

2 o

1 _1f1,1 ] n=2,34,..

¥n 2 Xn yn—l o ' ) )
Prox;ethat_

X, <Xy <YVn<Vn_1> n=23,4,..

and deduce that both the sequences converge to the

same limit /, where —;—< I<1. . | 10 Q
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(d) = vix,y)=x3- 3xy + 2y Teh FEHATE Hel 2 7 3T TR
aﬁﬁ@ﬁmlﬁﬁaﬁﬁmmmﬂwu(x v)
WWHWWWWWWWW

, T HTee S U FVE |
Is v(x, y) = x3 — 3xy2 + 2y a harmonic function ? Prove =
your claim. If yes, find its conjugate harmonic function
u(x, y) and hence obtain the analytlc function whose
real and i lmaglnary parts are u and v respectively. 10

¥ [}

(e) =rmt ) ;
x+'2y2 1, 2x+y<1, x>0 @M y>0 .
& W1 Bx + 2y 1 rftreaw W saEa Bt grn s Hifo |

Find the maximum value of
5X + 2y
* with constraints _
, x+2y>k 2x+y<1, x>0 and y>0 -
by graphical method. 10-

Q2. (@ asr?sq 6 anft

( 1)n+1
n+1

n=1 . L - o
g FREh R | (A 38 et % T et T wiva /v
a;rsﬁmam%% ?hwaﬁ/aqsﬁmﬁr%ﬂaﬁm)
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Show that the series

( 1)n+1 _
n+l

-
-

s condltlonally convergent (If you use any theorem(s)

to show it, then you must give a proof of that
theorem(s).) ' 15

m?ﬁmp@;ma@r%amz quiter WiggAl p
AT Ty W ffe w7 l?ﬁﬁg'!ﬁ%z ?ﬂm&]@‘cﬂ
Herel %, %1 S H@T R | ' _

Let p be a prime numbeér and Z, denote the additive

group of integers modulo p. Show that every non-zero
element of Z; generates Z,. - 15

TR HIR
z=2x; + 35;2l+ 6xg
2x1+_2+x3_5
3Xg + 2X3 < 6-
X120, %920, x3>0.
1 g5ean Bl SifgdiE 8 2 319 I T e i |
Maximize -
z = 2X; + 3Xg + 6X3

2% + X9+ X3 <D
: 3x2 +2x3 <6,
>0, %9 >0,%320. - : _
 Is the optlmal solut1on unique ? J ustlfy your answer. 20 -
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Q3 (2) #H ofifvie K, &% F =1 % <R 3 ;ﬁ:@aﬁrﬁmﬁsK%

.

s, N B F W i E, K5 onee s § | am, AR
FcKcLa&ag, L,KWW%HWK,.FWW%,

» »

- . a9 firg Hife 6 L, Favsisha 2 | |
Let K be an extension of a field F, Prove that the
elements of K, which are algebraic over F, form a

- subfield of K. Further, if F ¢ K c L are fields, L is
algebraic over K and K is algebraic over F, then prove

+ . that L is algebraic over F. - v ‘— 20

(b) ENE o
| f(x,y)=5i14+y4—,‘2x2+4fxy~2y2
&% mufirr I=raw den ey e 31d il |

Find the relative maximum and minimum values of
the functlon R

flx, y) = x +y4 2x2 +4xy 2y _ l 15

T M TG ST e ey e T
IS RSB e

Ean
b

G

Rt

e)

R

e

() uM wifom
v+ 10,11 — C =
y(t) = e2mt 0 <t <1

J‘ dz
_ 427 -1
. Wﬁﬁﬂﬁaﬁﬁm I
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v LO 1 ->C be the curve,
y(t)—e2mt 0<t<1.

- Find, g1v1ng justifications, the Value of the contour ’ Q
1ntegra1 . : . 15

, j _dz '
. 4z% 1

¥

Q4. () T 6 o, diom: W & SFA R || ,
' Show that every algebralcally closed field is infinite. 15~

(b) WH ST f: BR— R Wh Had, el 36 THR 2 B lim £(x)

' ) X=>+ 00
? Hmhmf(x)mar@c—or%?rm@ltrﬁiﬁﬁ%'lﬁgﬁq
%Rmfwmwél

Let f: R — R be a continuous fﬁnctlon such that

lim f(x)and lim f(x) exist and are ﬁmte Prove that f
X—>+ co X-—9—co

_is uniformly continuous on R. ' : 15

(c) ﬁ@?ﬁﬁqﬁsgﬁsﬁmﬂ@vﬁsﬁaﬁwaﬁ%w@
oty wor #i fefia = & )

Prove that every power series represents an analytic
function inside its circle of convergence. - 20
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wvs B

; : , » SECTION B . .
Q5 Tt aol o IR ‘q‘ﬂ‘?aq o o
= Answer all the questlons : | , ' 10x5—50
(a) xZ+y? +z2—cz§mﬁqnqrﬁwﬁ%wéamﬁvﬁaq®
1 S GHIR T HINT |
Find the general equation of surfaces orthogonal to
' the family of spheres given by x* + y? + 22 = cz. 10
5 . . _ . v .
Ny | 2y 2z
(b) FM I q= z———2y 3z——— 2l % @@
r

Hﬁwa‘ﬁﬁ 2, a‘ﬁa(u, v, w) ST B F 3 Y wn

T = (%, ¥, DWr2=x2+y2+228?2q@x2+y2=9,
z = 0 W IRE=RY (circulation) T & ? '

'S5
Does a Tluid With velocity
a {z—z—x 2y — 3Z_2_y X — 3y ngJ
r r r
20

possess vorticity, where ¢ q(u, v, w) is the velocity

in the Cartesian frame, T o= (x z) and

r2 = x? +y2 + z2 ? What is the circulation in the circle
2+y2=9, z=07? ' , 10

M.ESC-D-MTH | 9
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(e) m GHHIM k1 Ush Hxh-hvl, Gﬁﬁma@%ﬁwz#(space)ﬁ
T ®, F e B 9l Fw o= 0 womReg g
TOIM T 3.7 a0 T IR (x, y, z) W ug=ar 3, al
%ﬁﬂ%ﬁ%ﬁW%FSﬁxy¢r%@$%ﬂ%§ﬂﬁ

- iR | -

Consider a single free particle of mass m, moving in
space under no forces. If the particle starts from the
origin at t = 0 and reaches the position (x, y, z) at time
T, find the Hamilton’s characteristic function S as a

. function of x, y, 1. - .
-(d). ﬁm%%ammmﬁﬁgw%maﬁammaﬂw

T 8 e

- (1) 4096 ' B ' -
(i) 04375
- (ii1)2048-0625
- Convert the following decimal numbers to equwaient
binary and hexadecunal numbers :
i) 4096 )
(ii) 0-4375
- (iii) 2048-0625
(&) :ﬂﬂ%@ TR FHIHT |
o (y+zx)p (x+yz) q= xZ_y2
T ST T HIfT |
Find the general integral of the partlal differential
-,equatlon -

(y+zx)p (x+yz)q x2 y2

»

ALESCEDJW?II 7R
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Q6. (a)
o
0
0

through the parabola 4z + x? =0, y = 0.

(INSTITUTE OF MATHEMATICAL SCIENCES)

TS z = p? — 2 % Ao Fulfia Hife, o w@=
4z +x2=0,y = 0 Y oA ST HHIhTT I5S TG BT |

Determine the characteristics of the ‘equation

z = p2- gz, and find’ the iritgegral éurface which passes

MU A iw sidied W B g ar § geRg 0
W YAl m 1 Tk O I 3G 3 | owisy 6 uwy & feeh
ﬁﬁPq{ﬁ"Tﬁﬂa(b?ﬂﬂW——UrcosB% SE OP =r
o 0% B 2 S OP ﬁm 1 % e o 3 | uRasd
mwmmﬁﬁqwaﬂﬁq%&g@-
Ur? sin? 0 — 2m cos 6 = 3R (constant) T & ¥ |

A sitmpl'e source of strength m isr fixed at the ojrigin O

in a uniform stream of incompressible fluid moving

, i B
with velocity U i . Show that the velocity potential ¢ at

any point P of the stream is —IE — Ur cos 6, where

OP = r and 6 is the angle whlch OP makes with the
direction —; Find the differential equation of the
streamlines and show that they lie on the surfaces

Urz sin? 0 — 2m cos 0 = constant.

' MESC-D-MTH 11
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() " i x e [0, 1] % T f(ix) = e2X cos 3x 8 | A8 x = 0,

. - x=03,x=0:63 x= 1R AW 3% AU el Tgug .

o TR B B K0-5) F AT B I BN | A
[01]mg%ﬁmamamﬁmg%E(05)mwﬁqwaﬂ
Let f(x) = e2% cos 3x for x & [O 11. Estimate the value
of f(0-5) using "Lagrange interpolatihg polynomial of

degree 3 over the nodes x=0,x=03,x=06 and
x = 1. Also, compute the error bound over the interval

[0, 1] and the actual error E(0-5). .20
Q. (a) mmwﬂw |
Q?E . 5.32 ' 532 + 2_‘33_2 _ Xty . -
ox® oy loxay? T T ay®
- H RN ) ‘ —
7 Solve the partial differential equation
S A3 A3 3 3 o
g - 0z S 0%z 0%z o7z _ x4y 15

|
.o

(b) ST a, b (a < b) % @ Hheg M B & i 6 a7-
<l T p % Tl U WU TR | AR I wRme e
S, St dTed <l x-fesn & A U % 9@y 9o 9l A &
y-ﬁmﬁénv%ma,?ﬁaﬂﬁqﬁsawaﬁmﬁ%ﬁnﬁ,%

{a3U (1 + -;— bar_3] X— bSV(l + % a31;_3J y}

o (b: (% —a®) ,

?“gm‘q‘?aﬁ% &l 122 %2 v 92 22 ﬁmﬁ‘?zﬂﬁwﬁﬁm
...f%iam%mﬁﬁgménwmﬁﬁml -
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(c)
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The space between two concentric spherical shells of

radii a, b (a < b) is filled with a liquid of density p. If

the shells are set "in .motion, the inner one with
Velocity'U in the x-glirectii)n and the outer one’with
velocity V in the y-direction, then show that the initial

motion of the liquid is given by velocity potential
{a3U (1 + é b3r‘3) X — b3V(1 + —;— a3r_3) y}

(h® —a%) .

- -

where 2 = x2 + y2 + 22, the coordinates being

o=

]

2

rectangular. Evaluate the velocity at any point of the

liquid.

1

aﬁ?m jf(x)dx % foe, cwise fw f-gﬁ_g 3

)
e jf(x) dx = f[%) + f(— %j
- 2 ‘

S - v 4 :
gmﬁmw%mz:rﬁmws@maémﬁgquxexdxw

M-ESC-D-MTH o 13
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1
For an integral If(x) dx, show that the two-point

-1

Gauss .' quadrature rule . is given by .
L . o . *
1 1 s . .
f(x) dx f ( ) +1f (— —J Using this rule, estimate
» '\/-§ ’\/g + g A
4 | .
9x e*dx. 15

2 ¥ ’ ' . . ¥

~ - ) ~ . . -

Q8. (2) TEE 10 cm 9T IR IFTTEAUREIE B SABA 1 em2
= T B F AEH u(x, t) T FR | a9 A v
p =106 g/em3, FWAT <t K = 1-04 cal / (cm sec °C)
aern fafsme e 0;'0056(:a1/g°C B Yofa: uifvdes fagew
(perfectly isolated laterally) 2, ﬁ?ﬂ Wl 0°C W @ = H
H%TISHT@E HTCIT!Hf(x)-sm(OlnX)"C% I W‘f@’Qﬁﬁ
u(x, t)mqﬁaHIﬁWuﬁ@una@mW%,aa
=K/ (po)g |

Find the temperature u(x, t) in a bar of silver of length
10 cm and constant cross-section of area 1 c¢m2. Let
density p = 106 g/em3, thermal conductivity
K = 1:04 cal /(cm sec °C) and Speéiﬁc * heat
c = 0056 cal/g °C. The bar is perfectly isolated
laterally, with ends kept at 0°C and 1n1t1al temperature - .
'f(x) = sin (0:1 nx) °C. Note that u(x; t) fo]lows the heat - -
equatlon u; = c2 %X, where.¢2 = K / (p c) R 20 |
M-ESC-D-MTH s 14
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(b) TS I TN FHE H RV $ % W UF P gC IHAA W v
B &1 & gy fomr fhuel ge W1 B | @ W sk
SAyehiepa Fémies Ao |+ sgalia, afe IS g, d sa i |
m%mmwwﬁ%qlwmmg%ng»
%ﬁaﬁﬁim@wéﬂwﬁﬁql |

A hoop with radius T is rolling, ‘without ‘slipping, down

an ‘irlclined plane of length I and with angle of

inclination ¢. Assign appropriate generalized

coordinates to the system. Determine the constraints,

if any. Wnte down the Lagranglan equations for the

system Hence or otherwise determine the Velocﬂ:y of

the hoop at the bottom of the inclined plane. - 15
(c) "R A, B, Cocfiw =X §, A% 0 A g fifds 3 3,
A OR B fiu =5 A + B qa1 A AND B % fou =i
A . B2 @ f=fafaa =i = wa e qen AND i
ORWWWW@WWWWW
diftm)
A.(A+B+0C).(A +B+C). (A+ B +C).A+B+C). ~

Let A, B, C be Boolean variables, - A denote
complement of A, A + B is an expression for A OR B
and A . B is an expression for A AND B. Then simplify
the following expression and draw a block diagram of
the simplified expression, using AND. and OR gates.
A.A+B+C).(A+B+C).(A+B+C).(A+B+C).
15
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